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ON THE STRONGLY AMBIGUOUS CLASSES OF ]k/Q(i) 
WHERE k = Q(-^2pip2) i) 


ABDELMALEK AZIZI, ABDELKADER ZEKHNINI, AND MOHAMMED TAOUS 


Abstract. We construct an infinite family of imaginary bicyclic biquadratic 
number fields Ik with the 2-ranks of their 2-class groups are > 3, whose strongly 
ambiguous classes of lk/Q(i) capitulate in the absolute genus field lk^*\ which 
is strictly included in the relative genus field (]k/Q(i))* and we study the ca¬ 
pitulation of the 2-ideal classes of Ik in its quadratic extensions included in 


1. Introduction. 

Let k be an algebraic number field and let denote its 2-class group, that 
is the 2-Sylow subgroup of the ideal class group, Ci^, of k. We denote by k^*^ the 
absolute genus field of k. Suppose F is a finite extension of k, then we say that 
an ideal class of k capitulates in F if it is in the kernel of the homomorphism 

■ Clk; - > Cf 

induced by extension of ideals from k to F. An important problem in Number 
Theory is to determine explicitly the kernel of Jp, which is usually called the 
capitulation kernel. The classical Principal Ideal Theorem asserts that kerJ-^ is 
all if F is the Hilbert class field of k. If F is the relative genus field of a cyclic 
extension K/k, which we denote by (K/k)* and that is the maximal unramified 
extension of K which is obtained by composing K and an abelian extension over 
k, F. Terada states in [8] that all the ambiguous ideal classes of K/k capitulate 
in (K/k)*; if F is the absolute genus field of an abelian extension K/Q, then H. 
Furuya confirms in [9] that every strongly ambiguous class, that is an ambiguous 
ideal class represented by an ambiguous ideal, of K/Q capitulate in F. In this 
paper we construct a family of number field k for which all the strongly ambiguous 
classes of k/Q(z) capitulate in k^*) ^ (k/Q(z))* and all classes that capitulate in 
an unramified quadratic extension K of k that is abelian over Q are strongly 
ambiguous classes of k/Q(i). 
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Let pi= p 2 = I (mod 4) be primes, Ik = Q{\/‘2pip2, i) and K be an unramified 
quadratic extension of Ik that is abelian over Q, let ylms(Ik/Q(i)) denote the group 
of the strongly ambiguous classes of lk/Q(z). Our object is to determine the 2- 
classes of the field Ik which capitulate in the extension K involving the fundamental 
units of the three quadratic subfields of k, we prove that kerJ^ C ^ms(Ik/Q(i)) 
and we infer that 2 lms(Ik/Q(i)) C kerJ-^(t,). As an application we will determine 
these 2-classes when Ck ^2 is of type (2, 2,2). This study is based on genus theory, 
class group theory and other theorems as the next result giving the number of 
classes which capitulate in a cyclic extension of prime degree: if K/k is a cyclic 
extension of prime degree, then the number of classes which capitulate in K/k is: 

[K -.kWEu-.NiEK)], (1) 

where E^ and Ek are the unit groups of k and K respectively and N is the norm 
of K/k. 

Let m be a square-free integer and AT be a number field, during this paper, we 
adopt the following notations: 

• Pi = p 2 = 1 (mod 4) are primes. 

• k: denotes the field Q(\/ 2 pip 2 , 

• Ok'- the ring of integers of K. 

• Ek'- the unit group of Ok- 

• Wk- the group of roots of unity contained in K. 

• E.S.U: the fundamental system of units. 

• K~^: the maximal real subfield of K, if it is a CM-field. 

• Qk = {Ek '- WkEk-^] is Hasse’s unit index, if iL is a CM-field. 

. g(iL/Q) = [Ek '- O' AfcJ i the unit index of AT, if AT is multiquadratic, 
where ki are the quadratic subhelds of K. 

• K ^*^: the absolute genus field of K. 

• Ck, 2 '- the 2-class group of K. 

• i = y/^- 

• Sm- the fundamental unit of Q{y/rn). 

• N(a): denotes the absolute norm of a number a. 

Our main theorem is. 

Theorem. Let ylms(k/Q(i)) denote the group of the strongly ambiguous classes 
o/k/Q(i). //K is an unramified quadratic extension o/k that is abelian over Q, 
then 

(1) kerJK C Am5(k/Q(i)). 

(2) Ams(k/Q(i)) C A:er . 

The proof of this theorem is based on several results of units, the class-group 
of k and its subgroup of the strongly ambiguous classes. 
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2. F.S.U OF SOME CM-FIELDS 

Let us first collect some results that will be useful in what follows. 

Let m and n be two positive square-free integers, such that {m,n) = 1 ; let ei 
(resp. £2, £3) denote the fundamental unit of Q{^/m) (resp. Q{y/n), Q(^/mn)). 
Put Ko = Q(\/rn, ^/n), K = Ko{i). 

Put B = {£i,£2,e3,eie2,eie3,e2e3,eie2e3} and 
B' = B U ^ G B and y/JI G Kq}, then a F.S.U of Kq is a system consisting 
of three elements chosen from B' (see m for details). 

To determine a F.S.U of K, we will use the following result [U p.l8] that the 
first author deduced from a theorem of Hasse [101 §21, Satz 15 ]. 

Lemma 1. Let n >2 be an integer and a 2"-f/i primitive root of unity, then 

f,n — '^{hn T where Pn — \/2 T Pri—li ~ \/2 Pyl—1i 

//2 = 0, A2 = 2 and ps = ^3 = 

Let uq be the greatest integer such that (,no contained in K, {£(^,£2, £3} a F.S.U 
of Kq and e a unit of Kq such that (2 + Pno)^ « square in Kq (if it exists). 
Then a F.S.U of K is one of the following systems: 

(a) {£3,£2,£3} if e does not exist; 

(b) {£3, £2, */£ exists; in this ease e = £3*^£2*^£3, where i\, 12 G { 0 , 1 } 

(up to a permutation). 

Lemma 2 . If ei, £2 and £3 have negative norms, then 

(1) If 636283 is a square in Kq, then {£1, £2, ■S/C16263} is a F.S.U of Kq and 

Qk = 1 - 

(2) If 636263 is not a square in Kq, then {£1, £2, £3} is a F.S.U of Kq and 
Qk = “1 if and only if 2636263 is a square in Kq. 

(3) IfQx = 2, then {63,62,^/1636^^} is a F.S.U of K. 

Proof. See Propositions 15, 16 of |3]. □ 

Lemma 3 (|2], Lemma 7). Let p be an odd prime and 62p = x + y\/2p- V 
N/) = 1, then x ± 1 is a square in IN and 26 is a square in Q(v^2p). 

Lemma 4 (|2], Lemma 5). Let d be a square-free integer and 6^ = x + yyfd, where 
X, y are integers or semi-integers. If N/) = 1, then 2 {x ± 1) and 2 d{x ± 1) are 
not squares in Q. 
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Lemma 5 ([T], 3.(1) p.l9). Let d be a square-free integer, different from 2 and 
k = QiVd, i), put £d = X yVd. 

(i) If N{ed) = — 1 , then {sd} is a F.S.U of k. 

(ii) If N{ed) = 1 , then {^/^^} is a F.S.U of k if and only if x±l is a square in 
M (i.e. 2 £d is a square in Q(Vd)J. Else {sd} is a F.S.U of k (this result is 
also in m)- 

Lemma 6 ([ 5 ], Corollary 3.2). Let d be square-free integer and k = Q{y/d,i), 
then Qk = ^ if one of the following conditions holds: 

(i) d = 1 (mod 4). 

(ii) There exists an integer d' dividing d such that d' = 5 (mod 8). 

2.1. F.S.U of the field IK = Q(y^, y/ 2 ,p 2 , i). Let K. = h{y/pi) = 

Q{y/Pii 'f‘^V 2 ii)- We denote by ei (resp. £ 2 , £3 ) the fundamental unit of Q{y/pi) 
(resp. Q(v^2^), Q{^/2plP2)) and put £3 = x + yy/2pip2. The purpose of this 
sub-paragraph is to establish the following theorem. 

Theorem 1 . Keep the notations previously mentioned, then 

(1) If N{£2) = N{£s) = - 1 , then 

(i) //£i£2£3 is a square in IK"'', then {£ 1 , £ 2 , ■\/£i£ 2 £ 3 } is a F.S.U of 
K.'*', K and Qk = 1- 

(ii) Else {£i,£2,£3} is a F.S.U o/]K+ and that ofK is 
{£i,£2,\/i£i£2£3} and Qk = 2. 

(2) If N{£2) = —N{£-f) = 1 , then the F.S.U o/K+ is {£1, £2, £ 3 } and that of 
K is {£1, y/i£2, £ 3 } and Qk = 2. 

(3) If N{£3) = -N{£2) = 1 , then 

(i) //2pi(x±l) is a square in IN, then {£ 1 , £ 2 , s/^} is a F.S.U ofK.'^, 

K and Qk = 1- 

(ii) Else {£1, £2, £ 3 } is a F.S.U o/]K+ and that o/lK is {£ 1 , £2, \/^} 
and Qk = 2. 

(4) If N{£‘i) = N{£2) = I, then 

(i) //2pi(x± 1) is a square in IN, then {£i,£ 2 ) ® F.S.U o/]K+ 

and that ofK is {£1, ^/^£2, ^/£3} and Qk = 2. 

(ii) Else {£i,£2, is a F.S.U 0 /IK+ and that ofK is {£ 1 , ^/£2^, V^} 

and Qk = 2. 


Proof. See Propositions [H El [3] and E] below. 


□ 
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Remark 1 . Our results in this theorem about unit index of K are similar to those 
in Theorem 1 (p. 347 ) of [T^ . 

Proposition 1 . Assume that N{e 2 ) = = — 1 , then 

(i) If ei£ 2 £z is a square in K."'', then {ei, £ 2 ;is a F.S.U ofK.'^ and 


(ii) Else {£i,£2,e3} is a F.S.U o/K+ and {£i, £2, Vi^i^ 2 ^ 3 } is a F.S.U ofK. 

Proof, (i) If £i£2e3 is a square in ]K+, then Lemma[ 2 ] ( 1 ) yields the result. 

(ii) Assume that £i£2e3 is not a square in K.+, then from Lemma[ 2 ]( 2 ) {£1, £2, £3} 
is a F.S.U of ]K+. It remains to determine the F.S.U of K. 

As Pi = p2 = 1 (mod 4 ), then there exist vri, 712, tts and 714 in 7,[i] such that 
Pi = 711712, p2 = 713714, 7fi = 712 and Tfa = 714 (the complex conjugate). Let 
£1 = a + by/pi, where a, b are integers or semi-integers. 

(a) Suppose that a and b are integers. As A'(£i) = — 1 , then 


(a — i){a + i) = pib^ 

and the gcd of a — 7 and a + i divides 2, so there exist 61 and 62 in such that 



therefore 2a = 6^714 -|- 62'^2 or 2a = iftfiii — z 62'T2, hence 


2£i = (ftiyTiq -I- 62 -/t 2 )^ or 2£i = {bl^/^^Tf + 62 -\/-^)^ 


so 


= biy/Fl + 62012 or 201 = 6i(l z)0iT + 62(1 - i)^/^T^, 


we conclude that 


' V27ri£i = 6 i 7 ri -|- b 2 y/pi £ K, and 


\/ 2 vr 2 £i = bl^/pf -I- 62712 £ K, or 


(2) 


2-^71i£i = 61(1 -|- 7)711 -I- 62(1 — 7 ) 0 i) £ IK and 


^ 202 ei = bi{l + 7)01 62(1 - 7)712 £ K. 


(b) Let £1 = ^(a -|- 60 ii), where a, 6 are integers, then 


(a — 27)(a -|- 2i) = 7117126^. 
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Proceeding as previously we get the same results. 

(c) Let 62 = a + f 3 y/ 2 p 2 , where a, /? are integers, we also find that: 

Y^2(1 + i) 7 r 362 = /3i(l + i)7r3 + j32y/^ G K and 
y^2(l - i)TTi£2 = /3i + /32(1 - ^)7r4 E ]K or 

Y^(l + i)7r3e2 = + i)(l ± i)7r3 + /32(1 T G K and 

= ^(/3i(l ± i)V^ + /32(1 - *)(1 =F «)7r4) G K. 

(d) Applying the same argument to 63, then we get 

y^ 2 (l + i)7ri7r3e3 = yi(l + i)7ri7r3 + y2y/‘^PiP2 G IK and 
^ 2(1 - i)7r27r4e3 = yiy/ 2 pip 2 + ^2(1 - i)vr27r4 G IK or 
^ \/(l + i) 7 ri 7 r 3 e 3 = 

^(yi(l + i)(l ± i)7ri7r3 + ^2(1 =F i)'J‘^PiP2) G IK and 
1/(1 - i)7r27r4e3 = 

_ \{y\{l ± i)y/ 2 pip 2 + ^2(1 =F 0(1 - 07r27r4) G IK. 

By multiplying the results of equalities ([ 2 |), ([ 3 |) and dH, we get 

^^616263 G IK+ or ^/ 2 e^e^ G IK+. 

Finally, note that ^^646263 and -v/2iqe2^ are not both in IK"'', since V2 G 1 K+. The 
rest is a simple deduction from Lemma [ 2 j 2 ). □ 

Proposition 2 . If N{£2) = —N{£^) = 1 , then the F.S.U 0/ 1 K+ is {ei, 62, 63} 
and that ofK is {ei, \/i£2, £3}- 

Proof. As N(£2) = 1 , then, from Lemma [ 3 l a ± 1 is a square in M and 262 is a 
square in Q(-v/ 2 ^) (62 = a + by/ 2 p 2 ). Note that 62 is not a square in IK"'', else we 
get \/2 G IK"*", which is false. 

Since ^"(61) = N{£3) = — 1 , then 61, 63 are not squares in IK+; similarly 6462, 
£i£ 3; £2^3 and £4£2£3 are not squares in IK'*', else we will find that i G IK'*', which 
is absurd. Therefore {64, 62, £3} is the F.S.U of K"'' and as 262 is a square in 
IK+, then, from Lemma [H {64, y/i£2, 63} is the F.S.U of IK, which implies that 
Qk = 2. □ 

Proposition 3 . Assume that N{£^) = —N{£2) = 1 , then 

(i) If 2 pi{x FI) is a square in IN, then {64, 62, ^/^} is a F.S.U ofK'^ and 
K. 

(ii) Else {64, 62, 63} is a F.S.U 0/IK+ and that o/K is {64, 62, ^*£3}- 
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Proof. Since N{ei) = N{e 2 ) = —1 and N{s 3 ) = 1, then only 63 can be a square 
in The equality N(e 3 ) = 1 implies 

(x - l)(x + 1 ) = 2 pip 2 y‘^, 

and since 2pip2 = 2 (mod 4), thus 2 | x, 2 | y and (x + 1 , x — 1 ) = 2, hence with 
A = {x ± 1)/2, B = {x ^ l )/2 and y = 2z we get 

AB = 2pip2Z^, 

without loss of generality we may assume 2 | A. Thus according to Lemma [Hand 
to the decomposition uniqueness in Z, we get three possibilities: 

Case 1: If pi \ A, p 2 \ A, then there exist zi, Z 2 in IN with z = ^ 12:2 such that 

A = 2zf, B=pip 2 Z 2 , 

hence 

x ±1 = ( 22 ;i)^, x^l = 2pip2zl 
Therefore v^2e^ = ^(2zi + Z2y/2pip2) G Qiy/2pfp^) and ^ K+. 

Case 2: If pi | ^, p 2 t then we get 

A = 2pizl, B=P2Z2, 

hence 

X ± 1 = pi(2zi)^, X=fl = 2p2Z2. 

Therefore y/2e3 = 2ziy^ + Z2\/2p2 G 1K+ and ^ K"''. 

Case 3: If p\ f p 2 | then we get 

A = 2p2zl, B=pizl, 

hence 

x± 1 =^2(2^1)^, x=Fl = 2pi2;2- 
Therefore y^ei = zi^/Tpf, + Z 2 y/pi G 1K+. 

As a result if 2pi(x =F 1) is a square in M, then {ei, £ 2 , y^} is a F.S.U of K+, K. 
and thus Qk = 1 ; else y/^ 0 K"'' and \J2e3 G K"'', this yields that {ei, £ 2 , £ 3 } is a 
F.S.U of K+ and from LemmalH {£ 1 , £ 2 , is a F.S.U of K, so Qk = 2. □ 

Proposition 4. Assume that N{e 3 ) = N{£ 2 ) = 1, then 

(i) //2pi(x± 1) is a square in W, then {£i,£ 2 ,v^} ® F.S.U of and 

that ofK is {£i,\/^, y^}. 

(ii) Else {£ 1 , £ 2 , ■\/£ 2 £ 3 } is a F.S.U o/]K+ and that ofK is {£l,^/£2^,V^}■ 
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Proof. Since N(s 2 ) = 1, then, from Lemma [Sj 2 e 2 is a square in k 2 ] hence 62 is 
not a square in K"*". 

Proceeding as in Proposition [3] we get three cases. 

(a) If X ± 1 is a square in IN, then 0 K+ and V 2 e 3 £ 1K+, so £ IK."''; 

hence {ei, £ 2 ,is a F.S.U of K"'' and by Lemma [H {ei,-^/egei, is a 

F.S.U of K, thus Qk = 2. It should be noted that, by Lemma [H we can take as 
a F.S.U of K one of the following systems {si, ^^£ 2 ^ 3 , {eij V^}- 

(b) If 2pi{x ± 1) is a square in IN, then E IK"'', so \/ 2 e 2£3 £ IK"*"- Thus 

{ei)£ 2 ) v^} ^ F.S.U of K"'' and by LemmalU {£i,-\/^, is a F.S.U of IK, 

therefore Qk = 2 . 

(c) Ifpi(x±l) is a square in IN, then 0 IK"'' and ^J2£^ E IK"'', so -y/efPi £ K"''- 

The rest is as the case (a). □ 

2.2. F.S.U OF THE FIELD IK = Q(a/2, i). Let IK = ^^/2) = 

Q{V2, ^/plP 2 ,i). Denote by ei (resp. £ 2 , £3 ) the fundamental unit of Q(\/2) 
(resp. Qi^/pim), Q(V 2 piP 2 ))- Put I = {0,1} and £3 = x + yy/2pfpf. Our aim in 
this subsection is to state the following theorem, but first let us show the lemma. 

Lemma 7. Put £2 = a + by/pip 2 ; if ^{£ 2 ) = 1, then a±l is not a square in IN. 

Proof. As P 1 P 2 = 1 (mod 4), then, from Lemma [H the unit index of Q{^/PlP 2 ,i) 
is equal to 1; since N{£ 2 ) = 1, so assertion 3.(l).(ii) on p.l9 of [T], yields that 
a ± 1 is not a square in IN. □ 

Theorem 2 . Keep notations mentioned above, Then Qk = 1 and 

( 1 ) If N{£ 2 ) = N{£^) = - 1 , then 

(i) If £i£ 2£3 is a square in K+, then {£ 1 , £ 2 , ■y/£i£ 2 £ 3 } is a F.S.U of 
1K+, IK. 

(ii) Else {£i,£ 2 ,£ 3 } is a F.S.U 0 /IK+, IK. 

(2) IfN{£ 2 ) = -iV(£ 3 ) = 1, then the F.S.U ofK+, K is {£ 1 , £ 2 , £ 3 }. 

(3) If N{£ 3 ) = -N{£ 2 ) = 1, then 

(i) //x± 1 is a square in IN, then {£ 1 , £ 2 , ^/^} is a F.S.U ofK'^, IK. 

(ii) Else {£ 1 , £ 2 , £ 3 } is a F.S.U 0 /IK+, IK. 

(4) If N{£'i) = N{£ 2 ) = 1, then 

(i) //x± 1 is a square in IN, then {£i,£2,v^} ® F.S.U ofK^, IK. 

(ii) Else {£ 1 , £ 2 , ■y/£ 2 £ 3 } is a F.S.U o/K+, IK. 
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Proof. See Propositions [ 5 l [U [ 7 ] and [8] below. □ 

Remark 2 . The unit index of IC is always equal to 1 , which is compatible with 
theorem 2 of [12]. 

Proposition 5 . Assume that N{e2) = —iV(e3) = 1 , then {ei,e2)e3} is a F.S.U 
of HC"*" and K. 

Proof. Since ei, £3 have negative norms, then they are not squares in similarly 
£1625 eiES) ^2^3 and £i£2£3 are not squares in K+, else by taking a suitable norm 
we get i G K'*', which is false. Furthermore (2 + ^/2)e\e2^^ cannot be a square 
in K'*', for all i, j and k of I, as otherwise with some a G K'*' we would have 
q ;2 = (2 + v^)£*£^£^, so N^+/k^{a) = yielding that y /2 G Qiy/pm), 

which is absurd. 

If £2 = a + by/piP2 , then — 1 = b^piP2- Proceeding as in Proposition [ 3 ] and 
taking into account Lemma (U we get the following cases. 

(i) If piP2{a ± 1 ) is a square in IN, then there exists (61,62) € such that 

a =F 1 = and a ± 1 = 62P1P2, 

so a =F 1 is a square in IN, which contradicts Lemma [Tj 

(ii) If Pi (a ± 1 ) is a square in IN, then there exists (61,62) £ such that 

a ± 1 = pib\ and a =F 1 = P2^2) 

thus + h2y/2p2), so y/ei 0 y/pie 2 G IK+ and yjp 2£2 € 1K+. 

(iii) If 2 pi(o ± 1 ) is a square in IN, then the same argument shows 
that y/ef, = biy/^ + b2y/^, y/Pi^ G IK’*’ and y/pf^i G IK’*’- 

Therefore we deduce that {£i,£2,e3} is a F.S.U of K'*' and from Lemma [H K 
has the same F.S.U. □ 

Proposition 6. Assume that N{e2) = N^e^) = — 1 , then 

(i) //£i£2£3 is a square in K.^, then {£1,82, y/eief^} is a F.S.U ofK^ and 
K3. 

(ii) Ffee {£1,£2,£3} is a F.S.U ofK^ andK^. 

Proof. We proceed as in Proposition [ 5 ] to prove that {2 + y/2)e\e2£3 is not a square 
in K"*", for all i, j and k of I, and we apply Lemmas [ 2 l [ 1 ] and Remark [ 3 ] bellow. □ 
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Remark 3 . We proceed as in the proof of Proposition [T] to prove the following: 

(a) If 62 = X + yy/piP2, then 

+ y 2 y/'^ 2 '^A, or 
= yiV'^ivr4 + y2V'^27r3, or 

< 

= yiV'^ 1^3 + y2\/'^27r4, or 
_ = yl^/ 7 ^l^^i + y2A/vi^, 

where yi are in Z[z] or ^Z[i\. 

(b) If 63 = a + b^/ 2 plp 2 , then 

^ = biy/{l + i)7ri7r3 + 62 , 

= 61 (1 + z) 7 ri 7 r 4 + 62 \/(W^^) 7 r^), 

= biy/ (1 + z) 7 ri 7 r 3 + b 2 \/{l- 1)7^27^4), 

= 6ia/( 1 + i) 7 ri 7 r 3 + 62 , 

where 6^ are in Z[i] or ^Z[i]. 

Note at the end that: 

= VTTi + V^i. ( 7 ) 

So by multiplying results of equalities ([ 5 ]), ([6j) and ([ 7 ]) we get 

= a + / 3 V 2 + ^y/piP2 + Sy/ 2 pip 2 G Q(\/ 2 , ^/PlP2) or 
y/£l£2£3 = (y-y/Pl + l3^/p2 + iVWi + <5^2^ 0 Q(\/2, y/PlP2), 
where a, / 3 , 7 and b are in Q. 

Proposition 7. Assume that ^"(63) = —N{s 2 ) = 1, t/ien 

(i) //X zb 1 is a square in IN, t/ien {61,62, y^} is a F.S.U ofK andK'^. 

(ii) EZse {61,62,63} is a F.S.U 0/IK+ andK. 

Proof. As the norms of 61, 62 are negative, then proceeding as in Proposition [ 5 l 
we prove that only 63 can be a square in 1 K+. 

(i) According to Lemma [SI 263 is a square in Q(y^ 2 pi^), and since \/2 G K."'', 
so ^/£3 G K."'', which yields that {61,62, ^/^} is a F.S.U of K and, by LemmaiU 
is also a F.S.U of K"*". 

(ii) 63 is not a square in 1 K.+ , then {61,62,63} is a F.S.U of K, K+ (Lemma 

m- □ 

Proposition 8. Assume that A"(63) = ^(62) = 1 , then 


( 5 ) 


or 

or 

or 


( 6 ) 
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(i) If X ± 1 a square in IN, then {ei,e 2 , ® F.S.U ofK and ]K+. 


(ii) Else {ei,e 2 , is a F.S.U 0 /K+ and K. 

Proof. Since A^(ei) = —1, then ei, £ 162 , £i£ 3 , eie 2 e 3 and (2 + y/2)e\e2^’^ ^ot 
squares in K'*', for all i, j and /c in I. 


As N{£ 2 ) = 1, then from Lemma [TJ there exist yi, 1/2 ia ^ such that: 


= yi\lpi + y2y/n- 


( 8 ) 


The equality N{e^) = 1 and the Lemma 0] imply the existence of oi, 02 , n and 
m in IN, such that 


n = Pi and m = 2 p 2 or n = 2 pi and m = p 2 , and 



we get 



From equalities (l 8 |) and ([9]) we deduce that if is a square in IN, then G K."'', 


else ■s/e 2£3 G K"''. Hence the results. 


□ 


3 . Some results 


In what remains of this paper, we adopt the following notations. Let pi = 
fP _|_ 4j2 ^ Ti^Ti2, P2 = g‘^ + Ahf = 713714, 711 = e + 27 /, 712 = e - 2 if, 713 = + 2 ih, 
'K/i = g — 2 ih. Let PLj be the prime ideal of L above tij, hence = (tIj), for all 
j G {1, 2, 3,4}. As 2 is totally ramified in k, let Hq be the prime ideal of k above 

1 + 7, so ^0 = (1 + 0 

Proposition 9. Let d be a square-free integer, k = Q{Vd,i), a ib an element 
of Z[7] and PL an ideal of k such that PL^ = (a + ib). Put £d = x + yVd the 
fundamental unit ofQ{Vd), so 

(1) If y/a^ 0 Q(\/d), then PL is not principal in k. 

(2) If + 6^ = d, then 

(a) If N{£fi) = 1, then PL is not principal in k. 

(b) If N{sd) = - 1 , then: 

(i) If {ax ± yd) Pb or 2{—xb±yd) Pa is a square in IN, then PL is principal 
in k. 

(ii) Else PL is not principal in k. 
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Proof. See Proposition 1 of [6] □ 

Proposition 10. Let d be a composite integer, even, square-free and product at 
least of three primes. Let k = Q{'/d,i), p an odd prime and PL an ideal of k such 
that PL^ = (p). Let 6^ = x -\- yVd denote the fundamental unit of Q{Vd). Then 

(1) If N{sd) = —1, then Pi is not principal in k. 

(2) If N{ed) = 1 , then 

(i) If {sd} is F.S.U ofk, then Pi is principal in k if and only if2p{x±l) 
or p{x ±1) is a square in M. 

(ii) Else Pi is not principal in k. 

Proof. See Proposition 2 of [6] □ 

We finish this paragraph by the following two Lemmas. 

Lemma 8. Let d = 2pip2 and Ed = x + yVd. If N{ed) = — 1 , then there exist yi 
and y 2 in Z[i] such that y/Fd takes one of following forms: 

(1) i[yi(l + z)A/(r±7)7i^ +y2(l - 

(2) ^[yi(l + 0\/(l ± «)7ri7r4 + y2(l - i )\/(1 P 0^27r3]. 

Proof. As N{ed) = — 1 , then + 1 = y‘^d, hence there exist yi, y 2 in Z[i] such 
that 

x±i = {I + i)-Ki7r3yl, 

x^i = (1- i)-K2T^Ayl, 

X ± i = i(l + iiTTiTTay?, f x ±i = i(l + pTriTr^y?, 

or < 

X =F * = -*(1 - 0^2Vr42/2> [ X ^ i = -i{l - i)-K2'K3y2] 

therefore 

2x = (1 + i)'KiTT3yi + (1 - i)'rr2Tr4y2 or 2x = (1 + i)Tri7T4yl + (1 - i)Ti2'^3y2 or 
2x = i(l + i)7ri7r3yf - z(l - i)7T2'n'4y2 or 2x = i(l + i)TTiTTiyi - i{l - i)7r27r3i/|, 
so 

= 5 [yiV(l + ^)7ri7r3 + y 2 y/{l - i)Tr2T^4? or 
£d = ^[i/ia/( 1 + z) 7ri7r4 + i/ 2 -\/(l - ^)7r27r 3]^ or 

= i[»(l + !/2(1 - or 

E, = + »(! - i)\/EiS|2_ 

hence 


X ± i = (1 + i) 7 ri 7 r 4 i/f, 

X=fi = {l- i)TT2TT3y‘^, 
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^ ± i)vri 7 r 3 + 1/2(1 - *)\/(l =F ^^2714] or 

l[?/i(l +i)y(I±l) 7 r^ +1/2(1-i)y(l^^) 7 r^]. □ 

Lemma 9. Let d = 2pip2 and Ik = Q{'\/d,i). If N{ed) = —1, then 

(i) If y/Fd takes the form (1) of Lemma ^ then T-LqHiHs and are 

prineipal in Ik. 

(ii) If y/Fd takes the form (2) of Lemma [8l then HqUiH^ and 'HqH 2 H 3 are 
principal in Ik. 


Proof. It is easy to see that for all j E {1,2, 3,4}, itj is ramified in Ik/Q(i), thus 
P'j = (ttj). On the other hand, 2 is totally ramified in Ik and Pq = (1 + z). Hence 
for all j E {0,1,2, 3,4}, Proposition [9l states that Pj is not principal in Ik, since 
y/pi, y/p^ and y/2 are not in Q(-v/2pIp^). 

The ideal PqPiP^ is principal in k, if and only if there exists a unit e E k such 
that 

(1 + 1)7117136 = a^, ( 10 ) 

where a E k. As N(ed) = —1, so, by Lemma [5l Qk = 1; hence e is either real or 
purely imaginary. 

Put a = ai + 102 , with ai, 02 E Q{y/2pip2), and suppose e is real (same proof if 
it is purely imaginary), since 711713 = {e + 2if){g + 2ih) = {eg — Afh) + 2i{eh + gf), 
then the equation (fTOjl is equivalent to 


«! — «! + 2 iaia 2 = £[{eg 


hence 

af — 
2Q.\a2 

so we get 


0 L 2 


thus 


- 4//i) - 2{eh + fg)] + ied[{eg - Afh) + 2{eh + gf)], 

= ^[{eg - 4:fh) - 2{eh + fg)],and 
= £[{eg - 4:fh) + 2{eh + gf)], 

_ £[(eg - 4 // 1 ) + 2{eh + gf)] 

2ai 


4ai - Ae[{eg - Afh) - 2{eh + fg)]a^ - [{eg - 4fh) + 2{eh + fg)] e = 0, 
the discriminant of this equation is A' = 4e^d, which implies that 
«i = |[2[(e5' - 4/h) - 2{eh + fg)] ± 2Vd]. 


On the other hand 
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(1 + i)7ri7r3 + (1 — i)7r27r4 = 2{eg — 4:fh) — 4(e/i + fg) and 

Vd = s/il- i)TTiTT3 ^/(1 + i)7r27r4, 

then 

a? = |(\/(1 - *)7ri7r3 + a/( 1 + so 

ai = ^(-x/(1 - *)7ri7r3 + V+ i)'^2Tri), 

therefore if e = and ^/ed takes the value (1) of Lemma [HI we get 

ai = ^(2yi7ri7r3 + 2y27r2vr4 + (?/i(l + i) + ^ 2(1 - i))Vd), 

and 

£d[{eg - 4 // 1 ) + 2{eh + gf)] 

-’ 

and it is easy to see that ai, a 2 E Q(^/ 2 pip 2 ); hence is principal in 

Ik. By writing 712714 in terms of e, f, g and h we prove similarly that T-L()T-L 2 'H 4 is 
principal. 

Proceeding similarly we prove that and 'Ho^ 2^3 are principal in k, 

if takes the value (2) of Lemma [HI □ 


4. The strongly ambiguous classes of k/Q(i) 


Let F = Q{i) and Galois(k/F) = (a). We denote by j4m(k/F) the group of 
the ambiguous classes of k/F, that are classes of k fixed under a, we denote also 
by Ams{h./F) the subgroup of Am{h./F) generated by the strongly ambiguous 
classes, which are classes of k containing at least one ideal invariant under a. The 
genus number, [(k/T)* : k], is given by the ambiguous class number formula (see 

IZj): 


|Alm(k/F)| = [(k/F)* : k] 


h{F)2^-^ 

[Ep : Ep n A^]i,/j7’(k^)] ’ 


( 11 ) 


where h{E) is the class number of E, t is the number of finite and infinite primes 
of E ramified in k/F. Moreover as the class number of F is equal to 1, so it is 
well known that 


\Am{k/F)\ = [(k/F)* : k] = 2'’, (12) 

where r = rankCi 5 ^ 2 - The relation between \Am{k/F)\ and |^ms(k/F)| is given 
by the formula: 


= ( 13 ) 

Since T-Lq = (1 + i) and for all j G {1, 2, 3,4}, T-L^ = (nj), so for all j G {0,1, 2, 3,4}, 
[Hj] is a strongly ambiguous class of k/F i.e. [Hj] G Ams{k/F). 


Propositiou 11 . Let d = 2pip2 and k = Q(\/d, z). 
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(1) ]k(*) £ (k/F)*. 

(2) Assume that {pi = p 2 ^ 1 mod 8 and Qk = 1) or {pi = 5 or p 2 = 
5 mod 8 ), then 

(i) If N{£d) = -I, then Ams(k/Q(i)) = ([^o], [Hi], [H 2 ]) = 

(['Fo], [^ 3 ], ['^ 4 ])- 

(ii) Else AmsCk/Qii)) = {[Ho], [Hi], [H 3 ]). 

(3) If Pi = p 2 ^ I mod 8 and Qk = 2, then 
Ams{h/Q{i)) = {[Ho], [Hi], [H 2 ], [H 3 ]). 

Proof. (1) As k = Q{i/2pip2, i), so [k*^*) : k] = 4; moreover, according to 
[m Proposition 2, p.90], r = rankC]k ^2 = 4 if pi = p 2 = 1 (mod 8) and 
r = rankC]i ^_2 = 3 if pi = 5 or p 2 = 5 (mod 8), so [(k/F)* : k] = 8 or 16, 
which implies the result. 

(2) Note first that if pi = 5 or p 2 = 5 (mod 8), then Lemma [6] states that Qk = 1, 
hence N{ed) = —1 or {N{£d) = 1 and x± 1 is not a square in IN) (see Lemma[5]), 
where Ed = x + yy/ 2 pfp^. 

(i) Since {H 1 H 2 Y = {Pi), {HoHiff' = {P 2 ), so Proposition [10] implies that 
H 1 H 2 , HfHii are not principal in k, hence Hi and H 2 (resp. Ho and H 4 ) lie in 
different classes. Moreover Lemma|9]states that [HoHi] = [Ho] and [H0H2] = ['H 4 ] 
or [H0H2] = [Ho] and [HqHi] = [Hf\. Since {HoHiH2)^ = ((1 + i)pi) (resp. 
{HoHoH/i)"^ = ((1 + i)p 2 )) and \/2 0 Q(-y/2pi^), then Proposition [9| yields that 
H 0 H 1 H 2 and HoHoHi are not principal in k. Therefore 

{[Ho], [Hi], [H 2 ]) C Ams(k/Q(f)) and ([^ 0 ], ['^ 3 ], ["^ 4 ]) C Am 5 (k/Q(f)). 

On the other hand, since Qk = 1, then by Lemma [5] we get Ek = {i,£o), so 
Hfk/F{Hk) = (—!)• 

(a) Suppose pi = p 2 ^ 1 (mod 8), so r = rankC]k ^2 = 4 and it is well known 
that i is norm in k/F, hence |Am(k/F)| = 2^ and Ep n Nk/F(k^) = Ep = {i), 
therefore formula (1131) yields that |Ams(k/F)| = 8, this states that 

Ams(k/Q(f)) = ([^ 0 ], [^ 2 ]) = (['^oj, [^ 3 ], ['^ 4 ])- 

(b) Suppose Pi = 5 or p 2 = 5 (mod 8), so r = rankC]k ^2 = 3 and in this case 
i is not norm in k/F, therefore |Am(k/F)| = 2^ and Ep n Nk/p{^^) = (—1), so 
formula (IT^ yields that |Am(k/F)| = |Ams(k/F)| = 8, and the result derived. 
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(ii) If N^es) = 1 and a: =h 1 is not a square in M, then from Lemma | 4 ] we get 
pi{x =b 1 ) and 2 p 2 {x =F 1 ) or p2{x ± 1 ) and 2 pi{x =F 1 ) are squares in IN, hence 
Proposition [To] implies that 'H1H2 and are principal in k, since (^1^2)^ = 

(pi) and (^3^4)2 = (P2), so [^1] = [^2] and [^3] = \Ha]. 

Since 

= ((1 + i)7ri7r3), 

= (vri 7 r 3 ), 

(1 + i)7ri7r3 = [{eg - Afh) - 2{eh + fg)] + i[{eg - ifh) + 2{eh + fg)], 

711713 = {eg - 4 //i) + 2i{eh + fg), 

[{eg - 4 //i) - 2{eh + fg)]‘^ + [{eg - Afh) + 2{eh + fg)]"^ = 2pip2 and 
{eg - Afh)"^ + A{eh + fg)‘^ = pip 2 , 

then Proposition [ 9 | implies that T-LoT-iiT-L^ and 'Hi'Hs are not principal in k, there¬ 
fore 

{[Ho], [Hi], [Hs]) C Ams(k/Q(i)). 

Proceeding as above we prove that ]Ams{lx./F)] = 8, which yields that 

Ams(k/Q(i)) = (['Ho], [Hi], [H3]). 

( 3 ) Since = 2, then, from Lemma [ 5 ] = {i, i/ief), N{eo) = 1 and x ± 1 is 

a square in IN; so, as (HiH2)^ = (pi) and {H^Ha)^ = {P2), Proposition [TOl yields 
that [Hi] 7^ [H2] and [H3] / [H4]; moreover, as (HgHiH2H3H4)^ = (2pip2), then 
H1H2H3H4 = hence [H4] = [H1H2H3]; therefore Proposition [ 9 ] allowed 

us to state that 

([Ho], [Hi], [H2], [H3]) C Ams(k/Q(i)). 

As above we prove that jAm(k/ii)j = 2^ and £'i7’niV]i^/i?(k^) = (i), hence formula 
([T 3 ]l yields that jAm(k/F)j = jAms(k/F)j = 16 , so 

Am5(k/Q(i)) = ([Ho], [Hi], [H2], [H3]). 

□ 

5 . Proof of the Main Theorem 

We know that k = Q{'/ 2 pip 2 , i) and its genus field is 
kW = Q(V2,V^,v^,*), so [k^*^ : k] = 4 and there are three unramified qua¬ 
dratic extensions of k abelian over Q which are IKi = k(^/^) = Q(y^, y/2p2, i). 
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IK 2 = and K 3 = ]k(v^) = Q{V^, ^/p^,i)-, let Ni de¬ 
note the norm Let C]k (resp CkJ be the ideal class group of Ik (resp K*), 

we denote by Jk^ the homomorphism from Cjk to Ck^ that maps to the class of 
an ideal X of Ik the class of the ideal generated by X in Kj. We keep the notations 
defined in the beginning of the preceding section. To prove the Main Theorem, 
we must study the capitulation problem of the 2-classes of Ik in each Kj and in 

5.1. Capitulation in Ki. Let ei (resp £2, £3 ) denote the fundamental unit of 
Q(v^) Q(V 2 piP 2 ))- Put £3= x + yy/2pip2. 

Theorem 3. Assume that N{£2) = N{£3) = 1, then 

(1) If X ±1 is a square in IN, then |A:erJKj = 4. 

(2) Else l/cerJKil = 2. 

Proof From PropositionlH = {i,£i, \/^, or Ek^ = {i,£i, V^) > 

then Ni{Eki) = (*,£3)- 

( 1 ) From LemmaO Ej^ = {i, y/Tei), so [X'lk : W(-EiKi)] = 2, and the relation ([T]) 
implies that |fcerJKi| = 4. 

(2) If X ± 1 is not a square in IN, then E^ = (*,£ 3 ), so : Ni{E^^)] = 1 and 

|feerJ]Ki|=2. □ 

Corollary 1. We keep the assumptions of the preceding theorem. 

(1) If X ±1 is a square in IN, then ker-J^^ = (['Xi], [^ 2 ]) C Ams(Ik/Q(i)). 

(2) Else kerJ-^i = {[Hi]) C Ams(k/Q{i)). 

Proof As Hi = (tti), Hj = (712) and yje^ P (2/)2 = ^ Q(\/ 2 pI^), hence 

Proposition [9] implies that ^ 1 , H2 are not principal in k. 

Let us prove that Hi., H2 capitulate in Ki. According to the equalities ([2D, 

yfpPiEi G Ki and y/2'K2£i G Ki or y/IiiEi G Ki and y/'Ki£2 G Ki, 

so putting 


V27riei = «!, V2 t2£i = 02 , y/T^Wi = /3i and = (I 2 , 


we get 


Hi = and Hj = or Hi = {flif and Hj = {h)'^ 
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which implies the result. 

(1) If X =h 1 is a square in IN, then pi{x ± 1) and 2pi(x =h 1) are not squares 
in IN; moreover as (pi) = (^ 1 ^ 2 )^, then Proposition [TOl yields that 'H 1 H 2 is not 
principal in k, so l-ii and 'H 2 lie in different classes. Thus /cer Jki = ([^ 1 ]) [^ 2 ]) 
which is a subgroup of Ams(k/Q(i)). 

(2) If X ± 1 is not a square in IN, then 'H 1 H 2 is principal in k, so ^ 1 , 'H 2 lie in 

the same class; thus kerJ^^ = (['Hi]) C Ams(k/Q(i)). □ 

Numerical Examples 1. (1) x ± 1 is a square in IN. 

The first table gives integers d for which x± 1 is a square in IN, when the second 
shows that for these integers 'H 1 H 2 is not principal in k and Hi, H 2 capitulate in 
Ki. 


d = 2.pi.p2 

£d = x + yVd 

X + 1 

X — 1 

1394 = 2.41.17 

12545 + 336V1394 

12546 

12544 

3298 = 2.97.17 

161603 + 2814V3298 

161604 

161602 

15266 = 2.449.17 

1236545 + 10008V15266 

1236546 

1236544 


d = 2.pi.p2 

H 1 H 2 in k 

Hi in Ki 

H 2 in Ki 

1394 = 2.41.17 

[ 0 , 0 , 1 , 0 ] 

[ 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 ] 

3298 = 2.97.17 

[4, 2,1,0] 

[ 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 ] 

15266 = 2.449.17 

[ 0 , 0 , 1 , 0 ] 

[ 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 ] 


(2) X + 1 and x — 1 are not squares in IN. 

In this table we give integers d for which x + 1 and x — 1 are not squares in M, 
we note that H 1 H 2 is principal in k and Hi capitulates in Ki. 


d = 2.pi.p2 

£d = x + yy/d 

X + 1 

X — 1 

H 1 H 2 in k 

Hi in IKi 

890 = 2.5.89 

179 + 6 V^ 

180 

178 

[ 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 ] 

1802 = 2.53.17 

849 + 20 VI 8 O 2 

850 

848 

[ 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 ] 

5402 = 2.37.73 

147 + 2V5402 

148 

146 

[ 0 , 0 , 0 ] 

[ 0 , 0 , 0 ] 


Theorem 4 . ( 1 ) If N{e2) = N{s3) = — 

jfcerJKil = 4. 


1 or N{£2) = —N{£3) = 1, then 
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( 2 ) Assume that N{e3) = —N{s2) = 1, then 

(i) If x±l is a square in M, then \kerJKi \ — 8- 
(a) Else {kerJ^il = 4. 

Proof. (1) From Propositions[I]and[2l iVi(£^Ki) = (—1) £ 3 ) or (—1, ie^) or {i, e|); on 
the other hand, Lemma [5] yields that Ef^ = (^,£ 3 ), consequently [Flik : Ni{Eki)] = 
2 and \kerJ^^ \ = 4. 

(2) From Proposition O we get: 

(1) If X zb 1 is a square in IN, then iVi(£'Ki) = (— 1 ,^ 53 ), as Lemma [5] yields that 
-E'lk = ihV^), so [Fiik : iVi(£'Ki)] = 4 and \kerJKi \ = 8. 

(ii) If X zb 1 is not a square in IN, then Ni(E^^) = (— 1 , 63 ) or (— 1 ,^ 63 ); since in 
this case Ei^ = (^,£ 3 ), hence [Fl]ii : Ni{E^.^)] = 2 and {kerJ^il =4. □ 

Corollary 2 . (1) If N{s2) = ^(£ 3 ) = —1 or N{s2) = —N{s3) = 1 , 

then ker.JKi = {[Hi], [H2]) C ^ms(]k/Q(i)). 

(2) Assume that N{£3) = —N{£2) = 1 , then 

(i) //X zb 1 is a square in IN, then kerJKi = ([^ 1 ], ["^ 2 ], [^ 0 ^ 3 ]) C 
Ams(Ik;/Q(i)). 

(ii) Else kerJKi = {[Hi], [H0H3]) C ^ms(]k/Q(i)). 

Proof (1) As N{e 3 ) = —1, then Proposition [TOl yields that H 1 H 2 is not principal 
in k; even Proposition [9] implies that Hi, H 2 are not principal in k. Proceeding 
as in Corollary [H we prove that /cerJKi = {[Hi],[H 2 ]). With our assumptions, 
Ams(k/Q(i)) = ([^ 0 ]) [^ 2 ]) (see Proposition [IT]) . so kerJ^.^ is a subgroup of 

Ams(k/Q(i)). 

(2) As {HQH 1 H 3 Y = ((1 + *)7rivr3), so proceeding as in Proposition fTTl we get 
H 0 H 1 H 3 , H 0 H 2 H 3 are not principal in k. On the other hand, as N{£ 2 ) = —1, so 
the equalities (l3|) yields that y^(1 zb i)T: 3£2 £ IKi, hence there exists a G Ki such 
that (1 zb i)Ti 3£2 = oP' i.e. = {oP), therefore H 0 H 3 capitulates in ]Ki. 

(i) If X zb 1 is a square in IN, then Propositions P and [TOl state that Hi, H2 and 
H1H2 are not principal in k. Hence /cer = ([^ 1 ], [H2], [HoHpf}. By Proposition 
[II](2), we get fcerJKi C Ams(k/Q(i)). 

(ii) If Xzb 1 is not a square in IN, then Hi, H 2 lie in the same class; so kerJ^.^ = 
([^ 1 ], [^ 0 ^ 3 ])) and by Proposition [IT] (11. (hi. we get fcer Jki C Ams(k/Q(i)). □ 
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Numerical Examples 2 . ( 1 ) N{e2) = N{e3) = —1 or N{e2) = —N{e3) = 1 . 
This table gives integers d for which TiiTi2 is not principal in Ik and T-Li, 'H2 
capitulate in Ki. 


d = 2.pi.p2 

N{e2) 

N{e 3 ) 

'Hi'H2 in k 

Hi in Ki 

7^2 in Ki 

290 = 2 . 5.29 

-1 

-1 

[ 5 , 0 , 0 ] 

[0,0,0] 

[0,0,0] 

442 = 2 . 13.17 

1 

-1 

[2,0,0] 

[0,0,0] 

[0,0,0] 

754 = 2 . 29.13 

1 

-1 

[0,0,1] 

[0,0,0] 

[0,0,0] 

1066 = 2 . 41.13 

-1 

-1 

[0,1,0] 

[0,0,0] 

[0,0,0] 


( 2 ) N{e3) = -N{e2) = 1 . 

(i) X ± 1 is a square in IN. 

The first table gives integers d for which x± 1 is a square in IN and T-LiH2 is not 
principal in k, when the second shows that for these integers Hi, 'H2 and 'Ho'H3 
capitulate in Ki, but Tio, ^3 do not. 


d = 2.pi.p2 

ed = X + yVd 

X + 1 

X — 1 

'H 1 H 2 in k 

1394 = 2.17.41 

12545 + 336V1394 

12546 

12544 

[0,0,1,0] 

7298 = 2.89.41 

357603 + 4186V7298 

357604 

357602 

[0,0,0,1] 

16498 = 2.73.113 

1336337+ 10404V16498 

1336338 

1336336 

[48,0,1,1] 


d = 2 .pi.p2 

Hi in Ki 

'H 2 in Ki 

'H.qH.z in Ki 

"Ha in Ki 

"Ho in Ki 

1394 = 2.17.41 

[0,0,0,0] 

[0,0,0,0] 

[0,0,0,0] 

[24,0,0,0] 

[24,0,0,0] 

7298 = 2.89.41 

[0,0,0,0] 

[0,0,0,0] 

[0,0,0,0] 

[42,2,2,0] 

[42,2,2,0] 

16498 = 2.73.113 

[0,0,0,0] 

[0,0,0,0] 

[0,0,0,0] 

[96,0,0,0] 

[96,0,0,0] 


(ii) X + 1 and x — 1 are not squares in IN. 

The first table gives integers d for which x + 1 and x — 1 are not squares in IN 
and T-LiH2 is principal in k, when the second shows that for these integers T-Li and 
'H0H3 capitulate in IKi, but Hq, 'H3 do not. 


d = 2.pi.p2 

ed = x + yVd 

X + 1 

X — 1 

in k 

410 = 2.5.41 

81+4^410 

82 

80 

[0,0,0] 

2938 = 2.13.113 

786707 + 14514V2938 

786708 

786706 

[0,0,0] 

3034 = 2.37.41 

4055973299 + 73635510V3034 

4055973300 

4055973298 

[0,0,0] 

8090 = 2.5.809 

1619 + 18x/8090 

1620 

1618 

[0,0,0] 
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d = 2 .P 1 .P 2 

Hi in Ki 

HqH^ in IKi 

H 3 in Ki 

Ho in Ki 

410 = 2.5.41 

[0,0,0] 

[0,0,0] 

[8,0,0] 

[8,0,0] 

2938 = 2.13.113 

[0,0,0] 

[0,0,0] 

[24,0,0] 

[24,0,0] 

3034 = 2.37.41 

[0,0,0] 

[0,0,0] 

[0,0,2] 

[0,0,2] 

8090 = 2.5.809 

[0,0, 0,0] 

[0,0,0,0] 

[168,0,0,0] 

[168,0,0,0] 


5 . 2 . Capitulation in ]K 2 . As pi, p 2 play symmetric roles, then putting ei (resp 
£ 2 , £3 ) the fundamental unit of Q(^/^) (resp Q(V 2 pi), Q(\/ 2 pi^)) and proceed¬ 
ing as above, we get the following results. Put £3 = x -|- yy/2pip2. 

Theorem 5 . Assume that N{s 2 ) = N{ss) = 1 . 

(1) If X zizl is a square in M, then \kerJ^^ \ = 4. 

( 2 ) Else \kerJ^^ \ = 2 . 

Corollary 3 . We keep the assumptions of the Theorem^ then 

(1) If X ±1 is a square in IN, then kerJ^^ = (['H 3 ], [^ 4 ]) C Ams(]k/Q(i)). 

(2) Else kerJK2 = (['^3]) C Ams(k/Q{i)). 

Theorem 6. (1) If N{e 2 ) = N{£ 3 ) = —1 or N{£ 2 ) = — ^(£ 3 ) = 1 , then 

\kerJK2\ = 4. 

(2) If N{£ 3 ) = -N{£ 2 ) = 1 , then 

(i) If X zL 1 is a square in IN, then \kerJ^^\ = 8 . 

(a) Else \kerJ^^\ = 4. 

Corollary 4 . (1) If N{£ 2 ) = N{£ 3 ) = —1 orN{£ 2 ) = —N{£z) = 1, 

then kerJK 2 = {[H 3 ], [Hi]) C Ams(Ik;/Q(z)). 

(2) Assume that N{£ 3 ) = —N{£ 2 ) = 1 , then 

(i) If X hi is a square in IN, then 

kerJK2 = (['Ho^i], [^ 3 ], ["^ 4 ]) C Ams(]k/Q(i)). 

(ii) Else kerJK 2 = {[HoHi], [H 3 ]) C Ams(k/Q{i)). 

5.3. Capitulation in K 3 . Let £1 (resp. £ 2 , £3 ) denote the fundamental unit of 
Q(a/ 2) (resp. Q{^fpiP 2 ), QiV‘^PiP 2 )) and q = q(K'^/Q). 

Theorem 7 . Suppose N{£ 2 ) = ^"(£ 3 ) = —1 or N{£ 2 ) = — ^"(£ 3 ) = 1, then 

(1) If q = 1, then \kerJ^^\ = 4. 

( 2 ) If q = 2, then \kerJ^^\ = 2 . 
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Proof. Note first that Vi = ^ G IKa. 

(1) From Propositions [5] and El we get -Ejks = (v^,^ 2 , £ 3 ), so = 

as, from LemmaEl = (^,£ 3 ), then [E^^ : N^{E^V] = 2 and \kerJ^^ \ = 4. 

(2) Proposition El yields that E^^ = {Vi,ei,£ 2 , so N^Eks) = (*,£ 3 ); 

on the other hand, Lemma El implies that E^^ = {i,eV, hence [E^^ : A^ 3 (£'k 3 )] = 1 
and IfcerJKgl =2. □ 

Corollary 5. Keep the assumptions of Theorem^ then 

(1) If q = 2, then kerJ^^ = (['Ho]) C Ams(]k/Q(z)). 

(2) If q = l, then kerJ^^ = (['Ho], [H 1 H 2 ]) C Ams(k/Q{i)). 

Proof. Note that -^(1 + i)£i = ^(2 + (1 + i)\/2), so there exists /? G IK 3 such that 
PLq = (1 + f) = (/d^), hence Ho capitulates in IKo. 

(1) If g = 2, then fcerJKg = ([Ho]), hence by Proposition [TT] (l).(i), kerJ^^ C 

Amsfk/Qii)). 

(2) There are two cases to distinguish. 

(i) If N{e 2 ) = 1, then, from the proof of Proposition El we get that ^pi £2 G 1K3, 

so putting a = we deduce that (a^) = which implies that H 1 H 2 

capitulates in K 3 . 

(ii) If N{e 2 ) = —1, then eie 2£3 is not a square in Q(\/2, so, according 

to the remarkEl we get y'pi£i£ 2£3 G 1K3, hence H 1 H 2 capitulates in ]K 3 . 

On the other hand. Proposition [10] yields that H 1 H 2 is not principal in Ik, 
furthermore (HoHiH 2 )^ = ((1 + i)pi) and \/2 0 k, then Proposition [9] implies 
that H 0 H 1 H 2 is not principal in k i.e. Hq and H 1 H 2 lie in different classes; hence 
the result. By Proposition [TT] (l).(i) we get kerJ^^ C Ams(k/Q(f)). □ 

Numerical Examples 3. (1) First case q = 2. 


d = 2.pi.p2 

q 

iV(£2) 

iV(£3) 

Ho in IK 3 

130 = 2.5.13 

2 

-1 

-1 

[0,0] 

1066 = 2.13.41 

2 

-1 

-1 

[0,0,0,0] 

2146 = 2.29.37 

2 

-1 

-1 

[0,0] 


(2) Second case q = 1. 
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d = 2 .P 1 .P 2 

q 

N(e2) 


Ho in 1^3 

H 1 H 2 in 1^3 

H 1 H 2 in Ik 

290 = 2.5.29 

1 

-1 

-1 

[ 0 , 0 ] 

[ 0 , 0 ] 

[5,0,0] 

754 = 2.13.29 

1 

1 

-1 

[ 0 , 0 ] 

[ 0 , 0 ] 

[ 0 , 0 , 1 ] 

962 = 2.37.13 

1 

-1 

-1 

[ 0 , 0 ] 

[ 0 , 0 ] 

[7,1,1] 

1378 = 2.53.13 

1 

1 

-1 

[ 0 , 0 ] 

[ 0 , 0 ] 

[5,0,0] 


Theorem 8. If N{ss) = —N{e 2 ) = 1, then IkerJ^sl = 4. 

Proof. If 63 = X + yy/2pip2, then from Proposition [7] we get: 

• If X ± 1 is a square in M, then N 3 {E^^) = (^,£ 3 ); as = (i, y/ief), so 

[El, : A^ 3 (.Eik 3 )] = 2 and [kerJ^sl = 4. 

• If X =b I is not a square in IN, then N 3 {E^^) = (^,£ 3 ); as Ei, = (^,£ 3 ), hence 

[El, : A^ 3 (.E]K 3 )] = 2 and [kerJK 3 [ =4. □ 

Corollary 6. Keep the assumptions of Theorem^ then 

fcer Jk3 = {[Ho], [H1H3]) C ^m5(Ik/Q(i)). 


Proof. We have proved that Hq capitulates in ^ 3 . 

HiHz capitulates in IK .3 if and only if there exist a unit £ G 1 ^ 3 , a G K .3 such 
that 

2 

Of = 

as 711713 = (e + 2if){g + 2ih) = (eg — 4//i) + 2i(fg + eh), so putting a = ai + ia 2 , 
where aj G Q(\/2, -y/pip^)), and choosing £ real, we get 

a I — 02 = £(eg — 4//i) and 0102 = £(fg + eh), 


hence 

- e(e 5 - 4 //i)q!i - e‘^{fg + eh)^ = 0 , 
since piP 2 = (eg — 4:fh)‘^ + ^(fg + eh)^, so 


therefore 


«1 = o [(^5 - 4 //l) + VPIP2] = 7 [771713 + 772774 + 2 ^/^!^], 


V^r 


ai = -^[V^1773 + V 772774]. 

Then if £ = £2 and = yiyTqTi' + 7/2\/^2774, we get 

1 / , , ;- 1 , £(f9 + eh) 

ai = -(a + by/pip 2 ) and 02 =-: 

2 oi 
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where a and b are in Q; which implies that T-LiH^ capitulates in Ks. 

On the other hand, Ho and 'Hi'Hs lie in different classes, in fact 

{'HoHiHzf = ((1 + f)7ri7r3) = 

[{eg - 4fh) - 2{eh + fg)] + i[{eg - Afh) + 2{eh + fg)] 
and [{eg - Afh) - 2{eh + fg)]"^ + [{eg - Afh) + 2{eh + fg)]"^ = 2 pip 2 , 

so Proposition [9] yields the result. By Proposition [TTl (l).(ii) and ( 2 ) we get 

fcerJKg C Ams(h/Q(f)). □ 

Numerical Examples 4. For the case: A'"(£ 3 ) = —N{e 2 ) = 1, Ho, HiHs capit¬ 
ulate in K 3 and Hi, H 3 do not. 


d = 2.pi.p2 

Ho in IEC 3 

Hi in K 3 

7^3 in IEC 3 

H 1 H 3 in IK 3 

890 = 2.5.89 

[ 0 , 0 , 0 ] 

[ 6 , 0 , 2 ] 

[ 6 , 0 , 2 ] 

[ 0 , 0 , 0 ] 

1802 = 2.53.17 

[ 0 , 0 , 0 ] 

[48,0,0] 

[48,0,0] 

[ 0 , 0 , 0 ] 

5002 = 2.61.41 

[ 0 , 0 , 0 , 0 ] 

[ 112 , 0 , 0 , 0 ] 

[ 112 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 ] 


Theorem 9 . Suppose N{£2) = N{£3) = 1 and put £3 = x + yy/2pip2, then 

( 1 ) If X ±1 is a square in M, then \kerJ^^ \ = 4 . 

(2) Else [kerJ^^l = 2. 

Proof. From Proposition [51 we get 

(1) fV3(^K3) = (h^s); as El, = (i,v^), so [Ei, : A^3(F;ik 3)] = 2 and |/cerJK3| = 

4 . 

(2) N3{Ek 3) = {i,£ 3 )', since Ei, = (^,£3), hence [Ei, : N3 {Ek3)] = 1 and 

|feerJ]K3l=2. □ 

Corollary 7 . We keep the assumptions of Theorem^ then 

( 1 ) If X ±1 is a square in IN, then ker-J^^ = (['Ho]; [H1H2]) C Ams{h./Q{i)). 

(2) Else kerJ^s = (["Ho]) C Ams(k/Q{i)). 

Proof. Note first that Ho capitulates in 1^3. 

(1) Proposition 1101 states that H1H2 is not principal in k; furthermore, from 
Equality ([8|), we get pi£2 is a square in K3, so H1H2 capitulates in K3. As above 
we prove that "Ho, H1H3 lie in different classes, so kerJ^^ = (["Ho], [H1H2]), and 
from proposition [TTl kerJ^^ C Ams(Ik/Q(f)). 
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( 2 ) As I-Lq capitulates in K 3 , so kerJ^^ = ([^ 0 ]) which is a subgroup of 
Ams{h/Q{i)). □ 

Numerical Examples 5. (1) x=hl is a square in IN. The first table gives integers 
d for which 1 is square in IN and T-LiH 2 is not principal in k, when the second 
shows that for these integers "Ho and 'H 1 H 2 capitulate in Ks, but T-ii, 712 do not. 


d = 2.pi.p2 

ed = X + yVd 

X + 1 

X — 1 

P 1 P 2 in k 

12994 = 2.73.89 

12995 + 114V12994 

12996 

12994 

[0,6,2,0] 

14722 = 2.17.433 

132497+ 1092V14722 

132498 

132496 

[8,0,0,0] 

32882 = 2.41.401 

295937+ 1632V32882 

295938 

295936 

[48,0,0,0] 

46658 = 2.41.569 

46657+216V46658 

46658 

46656 

[64,0,0,0] 


d = 2.pi.p2 

T-Lq in IK3 

Hi in K3 

?^2 in 1^3 

H1H2 in K3 

12994 ^ 2.73.89 

[0.0.0,0,0,0] 

[0,0,0,1,1,1] 

[0,0, 0, 1, 1, 1] 

[0,0,0,0,0,0] 

14722 ^ 2.17.433 

[0.0.0,0,0,0] 

[56,4,0,0,0,0] 

[56,4,0,0,0,0] 

[0,0,0,0,0,0] 

32882 ^ 2.41.401 

[0.0.0,0,0] 

[0.4. 0,0,0] 

[0,4, 0,0,0] 

[0.0.0,0,0] 

46658 = 2.41.569 

[0,0,0,0,0,0] 

[480,8,0,0,0,0] 

[480, 8, 0,0, 0,0] 

[0,0,0,0,0,0] 


(2) X + 1 and x — 1 are not squares in IN, Hq capitulates in IKa. 


d = 2.pi.p2 

ed = x + yVd 

X + 1 

X — 1 

Pq in ]K 3 

410 = 2.5.41 

81 + 4v^ 

82 

80 

[ 0 , 0 , 0 , 0 ] 

2938 = 2.13.113 

786707 + 14514V2938 

786708 

786706 

[ 0 , 0 , 0 , 0 ] 

4010 = 2.401.5 

7219 + 114V4010 

7220 

7218 

[ 0 , 0 , 0 ] 

5402 = 2.37.73 

147 + 2V5402 

148 

146 

[ 0 , 0 , 0 ] 


5.4. Capitulation in 

Theorem 10 . Let pi = p2 ^ 1 (mod 4) be primes and k^*) the genus field of 
k. Let Q denote the unit index of the field Q(\/2, ^/PlP2) cmd £3 the fundamental 
unit of Q{y/2pfp2j. 

(1) If N{e3) = -1, then Ams(k/Q(i)) = C kerJ^(,). 

(2) If N{s3) = 1 , then 

(i) IfQ = 2 , then Ams(k/Q(i)) = (^ 0 ,^ 1 ,^ 2 ,^ 3 ) C ker\{,). 

(ii) IfQ = l, then Ams(k/Q(i)) = C kerJ^(:,). 

Proof. (1) Propositions m [To] imply that the classes of Pi, where i G {0,1,2, 3,4}, 
are pairwise different. On the other hand, from Corollaries [21 [TJ [5] and [7] we 
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infer that \Hi] G kerJ^{*)-, furthermore Lemma [9] states that [^ 3 ] = \HoHi] and 
[^ 4 ] = [^ 0 ^ 2 ] or ['H 4 ] = [^ 0 ^ 1 ] and ["^ 3 ] = [^ 0 ^ 2 ], hence Proposition [TTl yields 
that Ams(Ik;/Q(i)) = {'Ho,'Hi,'H 2 ) C ker\{»). 

(2) (i) If Q = 2, then Corollaries [H[2lOil] and [7] imply that 
("Ho)7^1)7^2)7^3) 7 ^ 4 ) ^ kerJ^{,). Moreover Propositions iQllTOl state that the ideals 
T-LiT-L 2 'H 3 , T-LiHj and T-LoHiHj are not principal in Ik for all i G {1, 2} and j G {3,4}; 
on the other hand, {%‘^'HiH 2 T~L 3 Hi)^ = (d), so 'HiH 2 T~L 3 Ha = (^)) hence = 
\HiH 2 'H^, and the result derived. 

(ii) If <5 = 1, then T-ii and 'H 2 (resp. and T-i/C) lie in the same class, so from 
Corollaries O O in and O we get 74ms(Ik/(Q(z)) = C kerJ^(,). 

And this Completes the demonstration of the Main Theorem. □ 

Numerical Examples 6. (1) First case N(erf) = —1. 


d = 2 .pi.p 2 

N{ed) 

Ho in k^*) 

Hi in k(*) 

H 2 in k^*) 

442 = 2.13.17 

-1 

[0,0,0,0,0] 

[0,0,0,0,0] 

[0,0,0,0,0] 

1066 = 2.41.13 

-1 

[0,0,0] 

[0,0,0] 

[0,0,0] 

1258 = 2.17.37 

-1 

[0,0] 

[0,0] 

[0,0] 


(2) Second case iV(e^) = 1. 

(i) Q = 2. The first table gives examples where 'H 1 H 2 and are not principal 

in k, when the second shows that Tio, Hi, 7^2 and capitulate in k^*). 


d = 2 .pi.p 2 

Nisd) 

Q 

H 1 H 2 in k 

H 3 H 4 in k 

1394 = 2.17.41 

1 

2 

[0,0,1,0] 

[0,0,1,0] 

3298 = 2.97.17 

1 

2 

[4, 2,1,0] 

[4, 2,1,0] 

3842 = 2.17.113 

1 

2 

[0,0,1,0] 

[0,0,1,0] 


d = 2.pi.p2 

Ho in IkG) 

Hi in IkG) 

H 2 in RG) 

H 3 in kG) 

1394 = 2.17.41 

[0,0, 0,0, 0,0] 

[0,0, 0,0, 0,0] 

[0,0, 0,0, 0,0] 

[0,0,0, 0,0,0] 

3298 = 2.97.17 

[0,0,0,0,0,0,01 

[0,0,0, 0,0,0, 0] 

[0,0,0, 0,0,0, 0] 

[0,0, 0,0,0, 0,0] 

3842 = 2.17.113 

[0,0, 0,0, 0,0,0] 

[0,0,0, 0,0,0, 0] 

[0,0,0, 0,0,0, 0] 

[0,0, 0,0,0, 0,0] 


(ii) Q = 1. The first table gives examples where 'H 1 H 2 and are principal 

in k, when the second shows that Ho, Hi and H 3 capitulate in k^*\ 
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d = 2 .P 1 .P 2 

N{ed) 

Q 

H 1 H 2 in k 

H 3 H 4 in k 

890 = 2.5.89 

1 

1 

[ 0 , 0 , 0 ] 

[ 0 , 0 , 0 ] 

1802 = 2.53.17 

1 

1 

[ 0 , 0 , 0 ] 

[ 0 , 0 , 0 ] 

2938 = 2.13.113 

1 

1 

[ 0 , 0 , 0 ] 

[ 0 , 0 , 0 ] 


d = 2.pi.p2 

Ho in ki*i 

Hi in k(*) 

H 3 in ki*i 

890 = 2.5.89 

[ 0 , 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 , 0 ] 

1802 = 2.53.17 

[ 0 , 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 , 0 ] 

2938 = 2.13.113 

[ 0 , 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 , 0 ] 

[ 0 , 0 , 0 , 0 , 0 ] 


6 . Application 

Assume Cik ,2 is of type ( 2 , 2 , 2 ); which occurs if and only if pi = p 2 = 1 (mod 4) 
are primes and at least two elements of the set {(^), (^)) (^)} equal to — 1 
(see 0 )- Under these assumptions the norm of the fundamental unit of Q{y/‘^PiP 2 ) 
is equal to -1 and C]k ,2 = Ams{'k/Q{i)) = {[Ho], [Hi], [H 2 ]) (see [B]). 

Theorem 11. Let k = Q{y/2pip2, i). Put Ki = ]k(y^), K 2 = h{y/p 2 ), then 
exactly four classes capitulate in Ki, K .2 and kerJ^^ = ([^ 1 ], ['H 2 ]), kerJ^^ = 
([^o^i]; ['^ 0 ^ 2 ])- 

Proof. Since iV(e 3 ) = —1, so from Theorems 01 [ 6 ] we get \kerJ^^\ = 4, where 
i E {1,2}. Corollaries [21 0] imply that kerJ^.^ = (['Hi], [^^ 2 ]) and kerJ^^ = 
(["Hsj, ['H 4 ]), but as the norm of £3 is equal to — 1 , then HqHiHs and H 0 H 2 H 4 , or 
H 0 H 2 H 3 and HoHiH/i are principal in k, therefore kerJK 2 = ([HqHi], ['^ 0 ^ 2 ])- 

□ 


Theorem 12. Let K .3 = k(\/2) = Q(\/2, y/piP 2 , i), then 

(1) //g(K.^/Q) = 1 , then four classes capitulate in 1 K 3 and 
kerJK, = {[H 0 UH 1 H 2 ]). 

( 2 ) //g(]K^/Q) = 2 , then kerJ^^ = {[Ho]). 

Proof. The results are deductions from Corollary [5l □ 

From Theorems we deduce the following result. 

Corollary 8 . kerJ^(,) = C]i ^^2 = ^ 7 ?T, 5 (k/Q(i)). 
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